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Abstract
The influence of quantum fluctuations of the electromagnetic field on the propagation of a polar-
ized light wave in a nonlinear dielectric is investigated. It is shown that in some cases, the fluctua-
tions couple to the optical nonlinearities of the medium and make its refractive index dependent on
the polarization of the propagating wave. As a consequence, two light waves propagating in a same
direction but with different polarizations will have different speeds, so there will be a Kerr-effect
birefringence induced by quantum fluctuations. We consider the case of the electromagnetic field
in a squeezed vacuum state, where there are regions where the mean squared electric field can be
negative and the birefringence effect has the opposite sign to the Kerr effect in classical physics.
We give some estimates for the magnitude of these effects, and discuss their possible observability.
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I. INTRODUCTION
An optical medium can be characterized by its polarizability when subjected to an exter-
nal electromagnetic field. In most cases the polarization vector P can be written in terms
of a power series in the electric field E. The coefficients in such expansion are the suscepti-
bilities of the material and they encompass the information about the dielectric properties
of the medium. Particularly, when a probe electromagnetic field propagates in such media
it will experience a refractive index that can be dependent on its polarization state. Hence,
we can devise a situation where two light signals propagating in the same direction but
with different polarizations will have different speeds. This phenomenon of birefringence is
well known. It can occur naturally in a material with a fixed optical axis determined by its
molecular arrangements, such as a quartz crystal, or artificially in nonlinear media where
an artificial optical axis is induced by an externally applied electric field. In the latter case,
the induced optical axis only survives in the presence of the external field. The first obser-
vations of artificial electric and magnetic birefringence were reported more than a century
ago [1, 2]. Both natural and induced effects can occur in a same system, leading to nontrivial
mechanisms [3] for controlling birefringence.
Birefringence is also possible in nonlinear theories of the electromagnetism, where the
corresponding Lagrangian is a nonlinear function of the electromagnetism invariants. The
most famous case being quantum electrodynamics (QED). Here vacuum birefringence due to
vacuum polarization was predicted to occur [4, 5] in a regime of strong fields even before the
complete formulation of the theory. The light propagation in various nonlinear theories, in-
cluding birefringence, has been investigated by many authors (see, for example, Refs. [6–10]).
Recently, evidence for vacuum birefringence was reported in optical-polarimetry measure-
ment of an isolated neutron star [11], which may arise from QED effects in a strong magnetic
field. Birefringence is also predicted by some models of quantum gravity [12].
In this paper we investigate another possible way of producing birefringence in a nonlinear
optical medium. Classically, an artificial optical axis induced by an external electric field
disappears as soon as the field is turned off. However, quantum mechanics teaches us that
there is no way of completely turning off a fundamental field. There will always remain its
quantum fluctuations. Our approach consists of preparing a background electric field in a
squeezed vacuum state, and studying its effect on probe electromagnetic waves propagating
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in the medium whose nonlinearities are activated by the background field.
In Sec. II, we discuss how the expectation value of the squared background electric field
couples to the third order polarizability of the medium and can produce birefringence phe-
nomena. We exhibit a specific physical system where this effect is expected to occur, and
give estimates for the magnitude of the difference in the propagation speeds of different po-
larization states. Next, in Sec. III we study the implications of the sign of the expectation
value of the squared electric field on the wavelength modulation of a probe field. In Sec. IV
we compare the expectation value of the squared electric field in a squeezed vacuum state
with that in a coherent state. Particularly, it is shown that, in the limit of small numbers of
photons per mode, the peak magnitude of this quantity can be larger in the squeezed state
than in the coherent state. The effects of thermal fluctuations are studied in Sec. V, as are
the Casimir vacuum fluctuations near a reflecting boundary. Final remarks are given in Sec.
VI.
We use Lorentz-Heaiviside units with ~ = c = 1, unless otherwise stated. Moreover, we
set ε0 ≈ 8.85× 10−12 C2/(N m2) = 1, which leads to 1V ≈ 1.67× 107m−1.
II. BIREFRINGENCE INDUCED BY QUANTUM FLUCTUATIONS
We start by studying the propagation of an electric field perturbation, Ep, the probe field,
in a nonlinear optical medium whose nonlinearities are activated by an externally applied
background electric field, E0. Let the polarization of the background field be in the x-
direction, so that its i-th component is E0i = E
0(t,x)δix. Moreover, suppose the probe field
propagates in the z-direction, and that the conditions ‖E0i ‖  ‖Epi ‖ and ‖∇E0i ‖  ‖∇Epi ‖
are satisfied. In this case, Maxwell’s equations lead [13] to the wave equation
∂2Epi
∂z2
−
3∑
j=1
[
δij + χ
(1)
ij + 2χ
(2)
i(jx)E
0 + 3χ
(3)
i{jxx}(E
0)2 + · · ·
]
∂2Epj
∂t2
= 0 , (1)
where χ
(1)
ij denote the components of the linear susceptibility tensor, while the coefficients
χ
(2)
ijk and χ
(3)
ijkl denote the components of the second- and third-order nonlinear suscepti-
bility tensors, respectively [14] . We define χ
(2)
i(jk)
.
= (1/2)
(
χ
(2)
ijk + χ
(2)
ikj
)
and χ
(3)
i{jkl}
.
=
(1/3)
(
χ
(3)
ijkl + χ
(3)
iklj + χ
(3)
iljk
)
. Notice that the term between square-brackets in the wave equa-
tion is the square of the refractive index measured by the probe field Epi .
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In the limit that E0 = 0, any birefringence will arise from the linear susceptibility tensor,
χ
(1)
ij . Here we assume that χ
(1)
xx = χ
(1)
yy , so no natural birefringence occurs for propagation in
the z-direction. Let the probe field be polarized along the x-direction, so Ep1i = E
p1(t, z)δix.
From Eq. (1) we see that the probe field experiences an effective squared refractive index of
np1
2 = n0
2 + 2χ(2)xxxE
0 + 3χ(3)xxxx
(
E0
)2
, (2)
where we defined the ordinary refractive index n0
2 .= 1 +χ
(1)
xx = 1 +χ
(1)
yy . On the other hand,
if the probe field is prepared with polarization in the y-direction so, Ep2i = E
p2(t, z)δiy, it
will experience a squared refractive index of
np2
2 = n0
2 + 2χ
(2)
y(yx)E
0 + 3χ
(3)
y{yxx}
(
E0
)2
, (3)
which is generally distinct from np1
2, depending on the nonlinear electric properties of the
optical material. The magnitude of the induced birefringence effect can be measured by the
fractional difference δn
.
= (np1−np2)/n0. Note that the power expansion in Eq. (1) assumes
that
∣∣χ(3)ijkl(E0)2∣∣  ∣∣χ(2)ijkE0∣∣  ∣∣χ(1)ij ∣∣ ≈ 1. Additionally, we assume that (χ(2)ijk/n02)2 ∣∣χ(3)ijkl/n02∣∣. With these approximations we obtain
δn ≈
(
χ
(2)
xxx − χ(2)y(yx)
n02
)
E0 +
3
2
(
χ
(3)
xxxx − χ(3)y{yxx}
n02
)(
E0
)2
. (4)
The first term on the right hand side of the above equation gives an effect linear in
E0 known as Pockels effect. This effect does not occur in centrosymmetric systems, for
which the second order polarizability must vanish due to spatial inversion symmetry. The
second term in Eq. (4) gives the Kerr effect, which is birefringence quadratic in the applied
background field E0. Now we consider the situation where the background field undergoes
quantum fluctuations around a zero mean value. That is, we now describe the electric field as
a quantum operator Eˆ0(t,x), whose expectation value is zero, 〈Eˆ0(t,x)〉 = 0. The fractional
difference is now a quantum observable δnˆ, whose expectation value is given by
〈δnˆ〉 = 1
2n02
(
3χ(3)xxxx − χ(3)yyxx − χ(3)yxxy − χ(3)yxyx
) 〈: (Eˆ0)2 :〉 . (5)
In this expression we normal ordered the squared electric field, : (Eˆ0)2 : = (Eˆ0)2−〈0|(Eˆ0)2|0〉,
because the effect we are investigating is related to the change in the expectation value of the
field as compared to the empty space vacuum state |0〉. Compared to the classical expression
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[Eq. (4)] we see that, when 〈Eˆ0〉 = 0 , there will be no quantum induced birefringence effect
associated with second order polarizability. The first contribution to the effect appears in
the third order term, which is coupled to the square of the background electric field. This
is a type of Kerr effect induced by quantum fluctuations of the electric field. Note that this
effect is very different from the birefringence due to vacuum polarization mentioned in the
previous section.
A possible scenario where birefringence induced by quantum fields appears is when
the background electric field is prepared in a multimode squeezed vacuum state. Such
a state can be described by applying the squeeze operators for each wave mode k,
Sˆ(ζk) = exp
{
1
2
[
ζ∗k(aˆk)
2 − ζk(aˆ†k)2
]}
, on the vacuum state |0〉 as |ψ〉 = ΠkSˆ(ζk)|0〉 .= Πk|ζk〉.
Here aˆk and aˆ
†
k are the annihilation and creation operators, respectively, and ζk denotes
the complex squeeze parameter whose amplitude and phase are given by qk and ηk, re-
spectively. If we expand the electric field operator in normal modes, use the commuta-
tion relations for the creation and annihilation operators, and take the expectation value
of the square of the electric field in a multimode squeezed state |ψ〉 we obtain that [13]
〈: (Eˆ0)2 :〉
ψ
= 1
V
∑
k ω sinh qk [sinh qk + cosh qk cos(2ωt− 2k · x− ηk)], where V indicates
the quantization volume, and ω = ω(k) is the frequency related to mode k.
Passing to the continuum limit, which corresponds to a large quantization volume, and
specializing to the case where the excited modes of the field are peaked about the angular
frequency ω = Ω and propagate in the y-direction, k = (0, k, 0), with a small but nonzero
fractional bandwidth ∆k/k  1, we find
〈: (Eˆ0)2 :〉
ψ
=
1
4pi2
Ω k2 ∆k∆θ sinh q [sinh q + cosh q cos(2Ωt− 2ky − η)] , (6)
where ∆θ denotes the angular spread of the field modes around the y-direction, and qk ≈ q
is constant for the excited modes. For a collimated beam, we would require that ∆θ  1.
However, the expectation value of the squared electric field in a wave guide can take a form
similar to Eq. (6), but with ∆θ ≈ 1. (See Eq. (42) in Ref. [15].) Notice that, depending
of the values that the parameter q takes, negative values of 〈: (Eˆ0)2 :〉
ψ
are possible. Such
behavior is associated with subvacuum fluctuations and is a purely quantum result not
found in classical physics. Because 〈0| : (Eˆ0)2 : |0〉 = 0, negative values on the mean squared
electric field arise when there is suppression of the quantum fluctuations below the vacuum
level. The squeezed states which create the maximal subvacuum effect were constructed in
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Ref. [16], and some of the observable consequences of the effect were treated in Ref. [15].
The regions of negative expectation value of 〈: (Eˆ0)2 :〉
ψ
lead to an increase in the speed
of the probe pulse, which is analogous to the effects of negative energy density in general
relativity [17].
An example of a material that could exhibit quantum induced birefringence is the chal-
copyrite crystal CdGeAs2 (cadmium germanium arsenide). This is a semiconductor crys-
tal with low dispersion for wavelengths in the range 8µm . λ . 12µm, where the ordi-
nary refractive index is n0 ≈ 3.5 [18]. The relevant third order susceptibility coefficients
for this material at λ = 10.6µm are [19] χ
(3)
xxxx ≈ 72800 × 10−22m2V−2 and χ(3)xxyy ≈
−14000× 10−22m2V−2. With these results we obtain 〈δnˆ〉
ψ
≈ 3.39× 10−9〈: (Eˆ0)2 :〉
ψ
(µm)4.
Now, in order to estimate 〈: (Eˆ0)2 :〉
ψ
we use the same assumptions used in Ref. [17].
First, let us assume a squeezed state presenting a squeezing level of 10db [20], which cor-
responds to q = 1.5. Furthermore, setting the wavelength of the background field to be
λ = 2pi/k = 10.6µm, we obtain (Ωk3)/(4pi2) ≈ 8.93× 10−4(µm)−4. Introducing these results
in Eq. (6) yields
〈: (Eˆ0)2 :〉
ψ
≈ 4.05× 10−3
(
∆k∆θ
k
)[
1 + 1.1 cos(2Ωt− 2ky − η)](µm)−4 . (7)
With the above results, we find that the magnitude of the birefringence effect induced by
the expectation value of the squared electric field in the squeezed vacuum state is
〈δnˆ〉
ψ
≈ 1.37× 10−11
(
∆k∆θ
k
)[
1 + 1.1 cos(2Ωt− 2ky − η)] . (8)
If we fix a spatial position y = y0 and measure δnˆ, we will find that this quantity will
alternate in time between positive and negative values, as depicted in Fig. 1. As it is clear,
subvacuum effects may occur whenever the term between square brackets has a negative
value, i.e., whenever 1.1 cos(2Ωt−2ky−η) < −1, as shown in the filled regions in the figure.
As we have seen, the system will be affected by positive and negative effects of the
fluctuations. The maximum magnitude of the positive effect of fluctuations is 〈δnˆ〉
ψ
≈
2.88×10−11(∆k/k)∆θ, while for the negative effect we have 〈δnˆ〉
ψ
≈ −1.37×10−12(∆k/k)∆θ.
If we accept that (∆k/k)∆θ can be arranged to be as large as 10−4, we could have a
potentially measurable effect.
Closing this section, we should notice that many of techniques of detection in optics are
based on time averaging procedures. In such cases the last term in Eq. (8) would not
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FIG. 1: Behavior of δnˆ described by Eq. (8) with the choice of phase η = −2ky0. Notice that the
subvacuum phenomenon occurs periodically but within a small interval of time.
contribute to the measured effect, which means the existence of subvacuum fluctuations
would not be noticed. However, in Ref. [15] a proposal for amplifying the subvacuum
effect was given. It involves a localized probe wavepacket which fits in the region where
〈: (Eˆ0)2 :〉 < 0 and propagates with this region. In addition, the existence of regions where
〈: (Eˆ0)2 :〉 < 0 can lead to subtle changes in the probe field, as was discussed in Ref. [15] and
in the next section.
III. EFFECTS OF THE SIGN OF THE SQUARED ELECTRIC FIELD UPON
THE FREQUENCY MODULATION OF A PROBE FIELD
Let us now discuss further consequences of the sign of 〈: (Eˆ0)2 :〉 on the behavior of the
probe field. Return to the wave equation, Eq. (1), consider the case of a probe field where
Epi = E
p(t, z)δxi, and take the expectation value in a state where 〈Eˆ0(t,x)〉 = 0. The
resulting equation describes propagation of the probe field at an effective velocity of
veff =
v0
1 + f(t,x)
, (9)
where v0
.
= 1/n0 is the phase velocity of the wave in the absence of the background field,
and we have defined f(t,x) = 3v0
2χ
(3)
xxxx〈: E0(t,x)2 :〉. As we have seen, 〈: (Eˆ0)2 :〉 can be
positive or negative.
7
!t = 2⇡
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
!t = 1.5⇡
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
kx
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
E
p
(t
,z
)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
!t = ⇡
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
-� -� -� � � � �-�
-�
�
�
�
-� -� -� � � � �-�
-�
�
�
�
-� -� -� � � � �-�
-�
�
�
�
FIG. 2: Behavior of the probe field Ep as function of distance z for different instants of time. The
dashed curve describes the function f(t,x), which gives the contribution to the phase velocity of
the probe field due to the quantum fluctuations.
Now suppose the probe field is described by a plane wave such that Epj ∼ ei(kz−ωt)δxj. In
this case veff = ω/k and, if we treat ω as a constant, it follows that k = k(t, z) = 2pi/λ(t, z).
Hence, in the region where 〈: (Eˆ0)2 :〉 < 0 we will have veff > v0, which means that the
wavenumber λ increases. In fact, we can view the changes in veff as due to the changes
in λ with fixed ω. Thus, a decrease (increase) in 〈: (Eˆ0)2 :〉 causes λ to increase (decrease)
and hence veff to increase (decrease). This effect is numerically studied in Fig. 2, where we
assumed a simple model for which f(t,x) = −0.25 sin(kz − ωt) and numerically integrated
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the wave equation, Eq. (1).
The probe field solution of the wave equation was obtained by using the initial conditions
Ep(t = 0, z) = cos(10z) and (dEp/dt)(t = 0, z) = 10 sin(10z). As can be seen in Fig. 2, as t
increases, both Ep(t, z) and 〈: fˆ(t,x) :〉 move to right. The region of most rapid oscillation
of Ep(t, z) seems to be somewhat ahead of the region where f(t,x) is minimum. Moreover,
the amplitude of Ep(t, z) nicreases where its wavelength increases. This is another way
to visualize the results in Sec. III of Ref. [15], where it was shown that the presence of
〈: (Eˆ0)2 :〉 < 0 regions leads to side bands in the frequency spectrum of the probe pulse.
IV. COMPARING THE EFFECTS OF SQUEEZED AND COHERENT STATES
IN THE LIMIT OF SMALL OCCUPATION NUMBER
Consider a plane wave mode propagating in the y-direction, with wave vector k =
(0, k, 0). The contribution of this mode to the background electric field operator is
Eˆ0 = E0
(
aˆke
iϕ + aˆ†ke
−iϕ
)
, with ϕ
.
= ky − Ωt. Suppose that this mode is in a coherent
state, described by the state vector |Z〉 such that aˆk|Z〉 = Z|Z〉, where Z is assumed to
be real. The expectation value of the normal ordered squared electric field operator in this
state is
〈:(Eˆ0)2:〉Z .= 〈Z| :(Eˆ0)2: |Z〉 = (2ZE0 cosϕ)2 = (〈Eˆ0〉Z )2. (10)
Furthermore, as the mean number of photons is given by 〈nˆ〉Z = 〈aˆ†kaˆk〉Z = Z2, it follows
that 〈: (Eˆ0)2 :〉Z = (2E0 cosϕ)2〈nˆ〉Z . Now, taking the time average of these expectation
values, we obtain 〈Eˆ0〉Z = 0, and
〈:(Eˆ0)2:〉Z = 2(E0)2〈nˆ〉Z ∝ 〈nˆ〉Z . (11)
If we repeat the above procedure but prepare this mode in the squeezed vacuum state
|ζ〉 = Sˆ(ζ)|0〉, we obtain
〈:(Eˆ0)2:〉ζ .= 〈ζ| :(Eˆ0)2: |ζ〉 = (2E0)2 sinh q [sinh q + cosh q cos(2ϕ)] , (12)
where we have set the phase of the squeeze parameter so that ζ = qeiη = q. Time-averaging
this result and using that 〈nˆ〉ζ = 〈aˆ†kaˆk〉ζ = sinh2 q, yields
〈:(Eˆ0)2:〉ζ = 2(E0)2〈nˆ〉ζ ∝ 〈nˆ〉ζ . (13)
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In both cases, we find that the time averaged expectation value of the squared electric field
is proportional to the mean number of photons in the corresponding state.
Now we wish to investigate the regime of small occupation number 〈n〉  1. Equa-
tion (10) shows that 〈:(Eˆ0)2:〉Z ∝ 〈nˆ〉Z still holds in this limit. However, in the case of a
squeezed vacuum state, small occupation number implies cosh q ≈ 1 and q ≈ sinh q = √〈nˆ〉ζ ,
so that 〈:(Eˆ0)2:〉ζ ∝
√〈nˆ〉ζ cos(2ϕ). Thus, in the limit of small occupation number, it takes
a smaller mean number of photons to produce a given peak of 〈:(Eˆ0)2:〉 in a squeezed vacuum
state than in a coherent state. Note that in this limit 〈:(Eˆ0)2 :〉ζ oscillates symmetrically
around zero in time, while 〈:(Eˆ0)2:〉Z ≥ 0.
V. THERMAL AND CASIMIR EFFECTS
We have been considering birefringence effects in fluctuating electric fields, where the
ensemble average value of the electric field vanishes, but that of its square does not. This
situation can also arise in a thermal state or in the Casimir effect. Recall that in Lorentz-
Heaviside units, the mean energy density in the electromagnetic field is
〈U〉 = 1
2
(〈E2〉+ 〈B2〉) , (14)
and in a thermal state we expect the mean squared electric and magnetic fields to be equal,
so 〈B2〉 = 〈E2〉, and 〈E2〉 = 〈U〉. This allows us to use well known results for the energy
density in black body radiation to write
〈E2〉 = 1µm−4
(
T
2600K
)
, (15)
where T is the temperature. We can see from this expression that at any temperature below
the melting point of most materials, the mean squared electric field is small compared to
that easily attained in squeezed vacuum states, so thermal effects can generally be neglected
in the models which we treat.
However, in the Casimir effect the mean squared electric field can be large enough to
produce a potentially observable birefringence effect. We may estimate this effect by con-
sidering a perfectly reflecting plate in vacuum, where at a distance z from the plate, we
have
〈E2〉 = 3
16pi2 z4
. (16)
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Although the plate defines a preferred spatial direction, 〈E2〉 is isotropic in the case, so
〈E2x〉 = 〈E2y〉 = 〈E2z 〉 = 〈E2〉/3. This result may be derived from the renormalized field
strength two point function given in Ref [21]. Equation (16) is a good approximation so
long as z & λP , the plasma wavelength of the material in the plate. Although 〈E2〉 > 0
in this case, the mean squared magnetic field is negative, 〈B2〉 = −〈E2〉 < 0. If z . λP ,
then [22]
〈E2〉 ≈
√
2
16λP z3
. (17)
Thus if z . 1µm, then values of 〈E2〉 & 1µm−4 may be attainable, which are comparable
to the values which can be found in squeezed vacuum states.
Here we have used the idealized case of vacuum outside of a reflecting boundary for an
order of magnitude estimate. If a nonlinear material is placed near a reflecting plate, we
can expect the effects to be of the same order as in vacuum, but a more detailed calculation
is needed for a better estimate. In all of the case we have discussed 〈E2〉 > 0, so the sign
of the birefringence effect will be the same as in a classical field. It is of interest to search
for Casimir geometries which can produce regions where 〈E2〉 < 0, and hence demonstrate
a time independent subvacuum effect.
VI. SUMMARY AND CONCLUSIONS
We have investigated birefringence induced by fluctuating electric fields. In quantum
states in which the mean field vanishes, but the mean square does not, then an induced Kerr
effect can occur, where different polarization states propagate at different speeds. We have
paid particular attention to the case of squeezed vacuum states, where a subvacuum effect
can occur in which the expectation value of the squared electric field becomes negative,
below the vacuum value. In this case, the birefringence effect has the opposite sign from
that found in classical electric fields. We have given some estimates of the likely magnitude
of this effect. Although it is small, its eventual observation may be possible.
We have also estimated the effects due to thermal fluctuations and quantum fluctuations
in a Casimir vacuum state near a boundary. The thermal effect seems to be very small at
room temperature compared to the effects of quantum fluctuations of the electric field. In
simple geometries, the Casimir effect leads to a positive expectation value of the squared
electric field. It is not yet known whether a negative expectation value can be produced by
11
Casimir vacuum fluctuations.
Here we have dealt with a model using nonlinear dielectric materials. However, as was
discussed in Ref. [17], these models can be a reasonable description for effects which are
expected to arise in semiclassical and quantum gravity. Thus the study of birefringence in
quantum gravity models, which was begun in Ref. [12], may be worthy of further investiga-
tion.
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